Even if string theory has a landscape of internally consistent universes, and even if one has a mechanism for actually creating these universes [as "baby universes"], it may well prove to be the case that the babies will not resemble the Universe we observe. For they may not have an Arrow of time: even if some of them have basic physical laws essentially identical to those we have discovered, they may have the wrong initial conditions. We argue that it is extremely difficult, indeed probably impossible, for a baby universe to have an Arrow of time [of the kind we observe]. Therefore it cannot resemble our Universe. The only Universe [s] with an Arrow like ours may be the one[s] that was [were] "created from nothing", in accordance with the Ooguri-Vafa-Verlinde "entropic principle".
The Arrow of Time and its Uses
One of the most basic observations about our Universe is also one of the most difficult to explain: the existence of an Arrow of time [1] [2] [3] [4] . Whether one examines the entropy that the early Universe might have had due to black holes [1] or uses "holographic" estimates of that entropy [4] , the conclusion is that the initial conditions must have been "non-generic" to an almost unimaginable degree. The difficulties involved in explaining this extraordinary feature of the Universe have recently attracted some attention, leading to a variety of proposed solutions [5] [6] [7] [8] .
In this challenge, however, there lies a great opportunity. For if an Arrow of time is something that is very difficult to establish, if in fact extremely few universes have an Arrow, then the Arrow becomes a powerful tool for selecting universes in any theory that presents us with a multitude of them. That is, demanding the existence of an Arrow may allow us to rule out large classes of universes which might have exactly the right gauge group, spectrum of particles, and so on -which might, in short, have everything except the right initial conditions. The importance of settling this question can hardly be overstated: in particular, it is clear that nothing meaningful can be said about populating the string landscape [9] until one has a good understanding of the Arrow. For whatever an "observer" may be, one can feel confident that such devices do not exist if there is no Arrow.
A key point that is often neglected in discussions of the Arrow is that our Universe does not merely have an Arrow: it has an Arrow of a particular kind 1 . A successful theory of the Arrow must account for the existence of at least one Universe with an Arrow of this particular kind. Having passed this test, that theory should then be able to tell us how many other universes have such an Arrow. This holds out the prospect of avoiding the apparently intractable problems [10] faced by other approaches to "universe selection".
The first peculiarity of "our" Arrow, stressed particularly by Penrose, is simply the sheer scale of the "specialness" we observe. Penrose computes that the fraction of the relevant phase space corresponding to the actual initial conditions of our Universe was no more than 10 −10 123 . It is not enough for a theory of the Arrow to produce a "special" initial state -it has to entail "specialness" on this kind of scale.
The second point is that this low entropy takes a specific form: by no means all forms of entropy were low in the early Universe; the low entropy was stored almost exclusively in the form of smoothness [3] . That is, the initial low entropy takes the specific form of extreme geometric regularity of the earliest spatial sections. Thus, again, it is not enough for a theory of the Arrow to generate "low entropy" initial conditions. The theory must explicitly give rise to low geometric entropy [whatever the latter's precise definition may be -see [11] [12] ]. In practice this is a major technical difficulty, because it means that we cannot begin by assuming a FRW form for the metric, even approximately. That is, we must use methods that can deal with all possible initial geometries. Clearly, we can expect the methods of classical singularity theory to be relevant here.
An important subtlety here is that our Arrow probably cannot be explained in terms of purely local geometry. It cannot, for example, simply be reduced to the fact that the Universe expands, for otherwise we would have to conclude that the Arrow reverses inside a black hole [or in the case of cosmic contraction]. While some authors [3] are willing to consider this possibility, it is fair to say that it runs counter to the physical intuition of most readers. We prefer to conclude instead that our Arrow is fundamentally global in some sense, so that the underlying mechanism is able to detect the difference between the expansion of the Universe and the contraction inside a black hole. This global aspect is the third peculiarity of our Arrow 2 . Finally, and most importantly for this work, our Arrow was established, or at least was already present, at a time when the scale factor of the Universe was extremely small compared to its present size. One can certainly imagine a Universe in which the initial spatial section was large and extremely regular, but this was not our case. It might be thought that this initial smallness would simplify the problem of explaining the Arrow. In fact, in most cases, the reverse is true.
Many recent works postulate that our Universe is a "baby" of some larger spacetime, as in the work of Farhi and Guth [13] . The baby is connected to the original spacetime by a narrow "neck" -see for example [14] for a clear discussion and many references. Thus the initial size of the Universe is related to the dynamics of the neck. As we shall see, the early history of the interior of the well-known Coleman-De Luccia "bubbles" [15] , which are our main interest here, can be understood in a similar way. This picture, however, presents serious difficulties for the existence of an Arrow. The "initial" smallness of the baby's scale function means that if objects or signals can enter the baby from the original spacetime, then they are subjected to a strong contraction 3 . The problem is that geometric anisotropies grow extremely rapidly [typically with the inverse sixth power of the relevant function of time -see for example [16] ] as the size of a spacelike region decreases; that is, the spatial sections have a strong tendency to be irregular precisely at the time when we want them to be fantastically uniform. Thus we see that whatever establishes the Arrow has to defeat strong effects arising from the "initial" smallness of the baby universe. The smaller the initial size, the harder the task.
In the extreme case of a theory in which, classically, the "neck" pinches off entirely, so that the baby has a true singularity in its early history [13] , it follows that it is almost impossible to avoid highly irregular early spatial sections. Generically these are of the kind originally discussed by Belinsky, Khalatnikov, and Lifschitz -see [17] for a recent detailed discussion. This is actually a serious problem for any theory in which an "initial" singularity was preceded by some earlier state. In the context of theories involving "singular bounces", Erickson et al. [16] argue that it can be solved, but only with the aid of extremely exotic matter which apparently violates local causality [18] .
To summarize: the explanation of the Arrow should take the following form.
• First, the theory must entail initial conditions such that the relevant entropy is essentially as low as it possibly can be: "low" entropy is not good enough.
• Second, this entropy must be geometric. That is, we need a theory of initial conditions in which the spatial sections of the universe are, classically or semi-classically, perfectly uniform. We shall take this to mean that they are exactly locally isotropic around each point; we have to deduce this, not assume it by beginning with an FRW metric.
• Third, the theory should be "global" in some sense that allows us to forbid the Arrow to reverse inside a black hole.
• Finally, the theory must explain why earlier states, such as perturbations from outside a bubble, do not destroy the extreme smoothness of the "initial" spatial sections of the Universe when the scale function was very small.
In [8] , we argued that "creation from nothing" [19] [20], as embedded in string theory by Ooguri et al [21] , provides an explanation of the Arrow in a way that is completely in harmony with these requirements. In stringy creation from nothing, the Universe is created along a spatial hypersurface with the topology of a torus 4 [23] .
[This is compatible with the basic ideas of string gas cosmology [24] .] There is no obvious reason for this initial hypersurface to be very smooth; a space with this topology can be extremely irregular. Nevertheless, a simple physical argument -based however on extremely deep theorems due to Kazdan, Warner [25] , Schoen, Yau [26] , Gromov, Lawson, and Bourguignon [27] -allows us to prove that the initial hypersurface must have been [semi-classically] exactly flat. This gives a concrete realization and justification of Penrose's proposed "Weyl curvature hypothesis", but without violating local time-reversal symmetry. Instead, the Arrow is found to be a truly global phenomenon, arising ultimately from a combination of the relativistic initial-value constraints with the extraordinary structure of the space of all Riemannian metrics on the [topological] torus.
This theory satisfies the requirements we set forth above. It immediately addresses Penrose's concerns regarding initial geometric "non-genericity". It may be connected with the low "holographic" estimates of the initial entropy by means of Verlinde's [28] observation that Cardy's formula for the entropy of a conformal field theory can reproduce the Friedmann equation: "creation from nothing" is then naturally associated with low holographic entropy [29] [30] . The essentially global, topological nature of the Arrow explains [8] why it does not reverse inside black holes or during a cosmic contraction. Finally, unlike the early spatial sections of a baby universe, the initial spatial section here is not subject to perturbations from a previous phase, since there was no such phase.
In this theory, the existence of an Arrow of time is a necessary consequence of the process of creation from nothing. The same is true of Inflation: assuming that an inflaton field is present, Inflation is certain to begin, since the extreme symmetry of the initial spatial section enforces the vanishing of the kinetic term in the inflaton lagrangian. The causality problems with inflationary initial conditions [31] are solved partly by the form necessarily taken by the initial value constraints [8] , and partly because "creation from nothing" itself entails violations of the relevant energy conditions. Thus, our theory is fully compatible with the inflationary philosophy. However, Inflation itself may lead to the creation of new universes, through the Coleman-De Luccia [15] nucleation of "baby universes", as mentioned earlier; see for example [32] [33] [34] . In fact, this is currently the favoured way of realizing the string landscape in terms of actually existing, as opposed to merely mathematically possible, physical universes. The assumption here is that we could be living in one of the babies. If we admit this possibility, then our theory of the Arrow is not yet complete: for baby universes are not created from nothing.
However, to create a baby is one thing; to create one who resembles a sedate parent, quite another. It is by no means clear that having an Arrow of time is a property that can be inherited. We saw earlier that baby universes will in fact not have an Arrow of our kind if they have a singular early history. The question is whether, or under what conditions, a baby universe can avoid being singular.
One of the situations considered by Coleman and De Luccia involved the nucleation, in Minkowski spacetime, of a bubble having negative vacuum energy density. It would have seemed natural to assume that the geometry of the baby universe should be that of antide Sitter spacetime, which is entirely non-singular. Coleman and De Luccia, however, did not fall into this trap. They point out that any actually existing [as opposed to mathematically idealized] bubble will have thick walls, which are exposed to perturbations, and they computed the effects of this. The well-known result is that, in reality, the endpoint of such a "true" vacuum is a final, Big Crunch singularity. In short, while the mathematically idealized model is non-singular, the spacetime becomes singular as soon as one tries to make it more realistic. In fact, it has both a Bang and a Crunch. In Sections 2 and 3, we discuss these facts in detail, and show, using singularity theorems, that the behaviour discovered by Coleman and De Luccia is in fact generic.
In view of the subsequent observation of cosmic acceleration, Coleman-De Luccia transitions from one vacuum with positive energy to another positive-energy vacuum are of much interest [32] . In this case, the initial de Sitter spacetime already violates the Strong Energy Condition [SEC] , and so can the Coleman-De Luccia scalar, so it is reasonable to assume that the singularities found in the negative-energy case will not arise: it is natural to guess that the geometry of the baby universe is that of some nonsingular deformation of de Sitter spacetime. However, the work of Farhi and Guth [13] implies that this natural guess is in fact wrong. The situation here is in fact quite similar to the one discovered by Coleman and De Luccia; while violating the SEC does indeed do away with the Crunch, it fails to dispose of the Bang. Essentially, when the bubble wall is taken to be thick, the space collapses and pinches off the "neck" joining the baby universe to the original spacetime; and this cannot be avoided merely by violating the SEC. This point is so crucial that, in Section 4, we have explained it in a simplified model where it is possible to be completely explicit. The "singularity theorem" of Farhi and Guth [which applies to all babies, whether born from wormholes or from bubble nucleation] assumes exact spherical symmetry, but we also explain that more recent work in singularity theory implies that this assumption is not needed. The upshot is that a generic, non-idealized positive-energy baby universe has an initial singularity, at least as long as the Null Energy Condition [NEC] holds. As we have explained, this has disastrous consequences: in the presence of perturbations, the early spatial sections of a classically singular spacetime will not be anywhere near as smooth as the existence of an Arrow requires. Thus a realistic baby universe must explicitly violate the NEC. This discussion is the subject of Section 4.
These conclusions are based on essentially classical considerations. The classical point of view certainly cannot be neglected here -after all, the Arrow of time, whatever its origin may be, is a macroscopic phenomenon -but when NEC violation has to be considered, one needs the methods of string theory. Indeed, NEC violation in string cosmology has been discussed extensively in [35] [36] [37] , and has recently attracted much more interest [38] [39][40] [41] . We believe that it is essential, in the baby universe context, explicitly to take into account all known string effects; in particular, non-perturbative string effects of the kind analysed by Seiberg and Witten [42] must be considered. Our tentative conclusion at this point is that string effects forbid NEC violation of the kind that would be needed to stave off a classical singularity at the birth of a baby universe.
Hence there is no reason to believe that string effects in a baby universe can allow it to have an Arrow. This is the subject of Section 5. Our basic conclusion is that it is indeed extremely difficult, and probably impossible, for a baby universe to have an Arrow of time. The consequences of this are discussed in the Conclusion.
The Ultimate Ecological Catastrophe: Bad Negative Babies
The original examples of baby universe nucleation were those studied by Coleman and De Luccia [15] . Here we shall focus on only one of the cases they considered, the appearance of a bubble of negative vacuum energy in a background with vanishing cosmological constant.
As is well known, such a baby universe terminates in a singularity: the nucleation of a "negative baby" is the "ultimate ecological catastrophe" [15] . However, unphysical exceptions apart, it also begins with a singularity. This should not be a surprise: after all, AdS 4 , and small non-exotic perturbations of it, satisfy the Strong Energy Condition [SEC] , and so one might expect the classical singularity theorems to apply 5 . As our Universe has a positive vacuum energy [or something closely resembling it], it may seem that the case we are considering here is not interesting physically. A baby universe with a positive vacuum energy density would violate the SEC, so one might feel entitled to expect that an initial singularity can be avoided in that case. This appears to be the general belief. We shall argue, however, that it is not so; and understanding exactly why the baby universes considered by Coleman and De Luccia are singular will help us to understand the physically more relevant positive vacuum energy case.
Coleman and De Luccia studied the formation of "bubbles of true vacuum" in a false vacuum defined by a local minimum of a scalar field potential V(ϕ). They point out that the introduction of gravity forces one to fix an absolute zero for energy, and conclude that the cosmological constant inside a bubble can differ from that outside the bubble.
Previously, Coleman et al. [43] had shown that, in flat spacetime, the action of the scalar field is minimized by configurations with a large symmetry group, SO(4) in the Euclidean case, SO(1,3) in the Lorentzian. Coleman and De Luccia worked with the "thin-wall" approximation, in which the thickness of the bubble wall relative to its external area is negligible. The resulting spacetime inside the bubble begins with spatial sections which, because of the overall spacetime symmetry, are also highly symmetric: they are in fact copies of the globally maximally symmetric three-dimensional space of negative curvature 6 , the hyperbolic space H 3 . This is a crucial point. The high degree of symmetry of the spatial sections inside the bubble is deduced from the action principle and need not be postulated; and this is just what one needs to establish an Arrow of time. In fact, this is one justification for focussing on the case where the nucleation of the bubble is dominated by a single Euclidean instanton [44] . 6 Note that the negative curvature of the spatial sections has nothing to do with the negative vacuum energy: it is due to the fact that the spatial sections have to fit inside the forward light cone of a single event.
The conformal geometry of the bubble and its environment is depicted in Figure 1 . The original Minkowski space is represented by the triangle OCF, and the bubble nucleates along the small spacelike surface AB. [In the thin-wall approximation being used here, AB and the region ABE should be shrunk towards AE; we include them in the figure to remind the reader that there is matter present in the wall, and that the effects of this matter must eventually be taken into consideration. To be still more precise, the inner surface of the wall should also be drawn.] The curve BE represents the outer surface of the bubble; note that because this surface accelerates, this curve is not geodesic and so it is able to terminate on future null infinity despite being timelike. The region FAEG represents the interior of the bubble; it is a part of the maximally symmetric simply connected four-dimensional spacetime of negative vacuum energy density − 1/8πL 2 , the anti-de Sitter spacetime AdS 4 . The timelike conformal boundary of this part of AdS 4 is represented by EG; as usual this causes the surface DE to have a Cauchy horizon, EF. The region FAE can be covered by coordinates such that DE is t = 0; in these coordinates the metric in FAE takes the form
The apparent singularities at t = ∓ πL/2 are, respectively, the forward light cone of the point A [which is also the past Cauchy horizon of DE in the original anti-de Sitter spacetime] and the future Cauchy horizon of DE. That is, they are not true singularities.
The apparent time-dependence of the metric is likewise a coordinate effect. Thus, we seem to be on the right track: we have, inside the bubble, an entirely nonsingular universe such that the earliest three-dimensional spacelike surfaces are as symmetric as they can be -that is, they have the maximal possible number of local Killing vectors, because they are perfectly isotropic about each point. We have the makings of an Arrow of time of the specific kind observed in our Universe.
However, we do not have an Arrow just yet. The problem is that the spacetime is too symmetrical -it has a timelike as well as spacelike Killing vector fields, so it is static; it has no cosmological Arrow of time. But this model is unrealistic in several ways: the bubble has a thin wall, the interior contains nothing but [negative] vacuum energy, and no allowance has been made for any kind of perturbation impinging on the bubble wall from outside. We can hope that, if we make the model more realistic, it might be possible to break the time symmetry without disturbing the spatial symmetries.
The first step towards greater realism is taken by going beyond the thin-wall picture. In fact, Coleman and De Luccia themselves gave a beautifully simple discussion of the consequences of doing so. They maintain all spatial symmetries, as is necessary if we are to obtain an Arrow, but consider the first-order corrections to the thin-wall approximation. The essential point is that while the rotational symmetry of their instanton continues to enforce the vanishing of the time derivative of ϕ, it cannot force ϕ itself to vanish exactly 7 . The consequences of taking this into account are dramatic, and can best be pictured in the following way. We remarked above that the metric in equation (1) appears to represent a spacetime, with H 3 spatial sections, which is both dynamic and singular, at t = ±πL/2. These are coordinate effects. Coleman and De Luccia find, however, that the slightest perturbation away from the exact thin-wall conditions produces a spacetime which really is dynamic. That is, the effect of the perturbation is to make the apparent behaviour of the metric in (1) become real. This is a step in the right direction: the "thick" wall removes the timelike Killing vector and opens the way to a real Arrow of time. Unfortunately, however, Coleman and De Luccia also show explicitly that the spacetime begins with a truly singular Bang, and ends in a truly singular Crunch; these singularities take the place of [both of] the Cauchy horizons of the original AdS 4 . [The perturbed metric would however have spacelike rather than null singularities.] In effect, the thick bubble wall causes the interior spacetime to collapse into a singularity, from which the interior bubble universe emerges, only to collapse yet again. The fact that Coleman-De Luccia universes with negative energy density actually terminate in a Crunch is well known, and plays an important role in many recent discussions of baby universes [45] ; it is usually taken as obvious that such spacetimes are inhospitable to life. Note however that a spacetime with a negative cosmological constant of sufficiently small magnitude can survive for a very long time; therefore, the mere existence of a Crunch does not in itself force us to regard such a cosmology as being unrealistic.
[Coleman and De Luccia assumed that any non-zero cosmological constant would have a generic, that is, large, magnitude. We now know that this assumption can be mistaken.] The observed acceleration is usually attributed to a positive cosmological constant, but it might be accounted for in other ways, for example, by a quintessence field superimposed on a negative background vacuum energy [46] or by modifications of the Einstein equations at very low curvatures [47] [48] , which again might be done with a negative cosmological constant in the background. In fact, if observations were to show that the cosmic equation-of-state parameter is not precisely equal to − 1, a negative value for the background cosmological constant, which arises so naturally in string theory, would be the default assumption, as in the work of Maldacena and Maoz [49] .
The problem with the Coleman-De Luccia universe is not the Crunch, but rather the Bang. If the exact symmetry of the instanton could be maintained, the Bang might not be a disaster in itself. In fact, however, we see from Figure 1 that the bubble is by no means isolated from the rest of the universe in which it resides. Even if the nucleation event takes place at extremely late times in the ambient spacetime, the bubble is constantly being bombarded by anisotropic gravitational radiation propagating through an approximate Minkowskian background. Furthermore, it may well be subject to collisions with other bubbles. Such collisions need not be disastrous for the bubble itself [50] [51] [52] , but they surely would be disastrous for the extreme symmetry one needs to establish an Arrow, as we discussed earlier. It follows that our Universe did not begin in this way.
One might argue that the Coleman-De Luccia instanton is after all a very particular model of a baby universe, and that it is not clear from this discussion that all babies obtained by perturbing AdS 4 will fail to begin in the way our Universe did. Let us investigate this question in a much more general setting.
As we stressed in the Introduction, we must take care to avoid circular logic in discussing the origin of the Arrow: in particular, we must avoid any assumptions about the high degree of symmetry of the early spatial sections, since it is this that we ultimately hope to deduce. Classical singularity theory [ [53] , Chapter 9] is ideal for this purpose.
In fact, as was mentioned earlier, one should expect the classical Hawking-Penrose singularity theorem to be relevant here; basically, anti-de Sitter gravity is attractive, so, on physical grounds, one might expect singularities to arise as long as the Strong Energy Condition continues to hold. The theorem is indeed relevant, but the argument is a little more subtle than a mere invocation of the SEC.
The 
this is the timelike generic condition.
[c] Along each null geodesic, there exists at least one point where the tangent vector k a and the curvature tensor satisfy
this is the null generic condition.
[d] M 4 contains no closed timelike curve.
[e] M 4 contains a trapped surface, that is, a compact, two-dimensional spacelike surface such that the expansion of both ingoing and outgoing orthogonal null geodesics is negative; see [53] , page 239.
Then M 4 contains at least one incomplete non-spacelike geodesic.
We can now explain the results of Coleman and De Luccia from a vastly more general point of view. Consider again the region FAEG in Figure 1 .
We begin by noting that the theorem does not require the spacetime to be globally hyperbolic; this is important because the failure of global hyperbolicity is one of the characteristic features of AdS 4 . Next, using the fact that FAEG is part of a maximally symmetric spacetime [which enforces a particular structure for the curvature tensor], one can easily verify that it satisfies the timelike generic condition. The simply connected version of AdS 4 we are using here obviously contains no closed timelike curve.
On the other hand, one can verify that every tangent vector of every null geodesic does cause the left side of equation (3) to vanish exactly. Thus the region FAEG fails to satisfy the null generic condition. It is however clear that the introduction of any kind of matter will reinstate this condition.
More crucially, FAEG does not contain trapped surfaces. However, take any spacelike hypersurface of the form t = constant, where t is the time coordinate used in equation (1) . Consider a two-sphere parametrised by r. As r tends to infinity, we approach the point E. It is not difficult to show, using the metric in (1) , that if we also allow t/L to tend either to π/2 or to − π/2, then one can come arbitrarily close to obtaining a trapped surface. Provided that at least some of the perturbations do not involve exotic matter, the slightest disturbance of the spacetime in the vicinity of t/L = ± π/2 will then cause trapped surfaces to form [for sufficiently large two-spheres] in that region. In short, while the Hawking-Penrose theorem does not apply to the original spacetime, it does apply to any modification of it that respects the SEC.
The perturbed spacetime must therefore be singular; the singularities occur where trapped surfaces first develop, near to t/L = ±π/2. These are the two Cauchy horizons [in the original AdS 4 geometry] associated with the point E, that is, AE and FE. One says [ [54] , page 166] that these singularities are crushing singularities, since any compact set in the spatial sections is reduced to zero volume at these points. In the original spacetime there is no matter present to be crushed, so these are not curvature singularities; but they become real if matter is present. The backreaction causes these singularities to become spacelike, in accordance with cosmic censorship.
No [The SEC requires that, in addition to the NEC, we should have ρ + 3p ≥ 0, where ρ is the energy density and p is the pressure; for AdS 4 , p is positive and of the same magnitude as ρ, so ρ + 3p is not close to zero.] Thus we need to consider either large violations of ρ + 3p ≥ 0, or perhaps small violations of the NEC, if we are to use [a] to avoid singularities here. We shall return to this in the subsequent sections.
The conclusion is that the Hawking-Penrose theorem shows that the behaviour discovered by Coleman and De Luccia is in fact generic. The theorem applies to any nonidealized bubble with a negative background vacuum energy, provided only that certain energy conditions are preserved. In essence, only a mathematically idealized bubble can have a non-singular early history. We conclude, in the same way as before, that all such universes have the wrong initial conditions for an Arrow of time to be established.
Leaving aside violations of the energy conditions, all this precludes, in great generality, the possibility that our Universe is a Coleman-De Luccia bubble with a negative background vacuum energy. This is not very surprising. What we learn from Coleman and De Luccia, however, is that it is essential not to neglect perturbations when studying baby universes. A bubble with negative vacuum energy seems to be a good candidate for a spacetime with an Arrow, but only in the mathematically idealized case of the unperturbed, thin-wall assumptions. The reality is very different.
This discussion also teaches us that the existence of an Arrow can indeed be a powerful criterion for eliminating otherwise plausible models of the Universe. It is striking that if we had not taken the Arrow into account, we could have hoped that a baby universe with a tiny negative energy density could survive long enough for observers [of our kind] to evolve, and it would have been possible to argue that our Universe might have arisen in just this way -bubble nucleation may be the "ultimate ecological catastrophe" [15] from the outside perspective, but it might have sown the seeds of new life in the interior. This possibility has now been eliminated.
Negative Babies Violating the SEC
The reader may at this point wish to protest that Coleman and De Luccia were unaware that SEC-violating matter not only exists, but is apparently abundant. By introducing matter that violates the SEC, we can evade the Hawking-Penrose theorem. The hope is that the gravitational repulsion generated by SEC-violating matter can convert the initial contraction of the spacetime inside the bubble into a bounce, of the kind seen in [global] de Sitter spacetime 8 . Furthermore, the singularities that arose in the case of an AdS 4 -like bubble are associated with the existence of Cauchy horizons; if these can be avoided, then perhaps singularities can also be avoided.
It is particularly natural to consider violation of the SEC in connection with ColemanDe Luccia bubbles, because scalar fields do so very easily, by means of a suitable choice of scalar potential. Suppose that we introduce a scalar field ϕ into the interior of a bubble with a background negative vacuum energy −3/8πL 2 [so that the local geometry is that of AdS 4 before the backreaction generated by ϕ is taken into account]. Let us search for globally hyperbolic, in fact FRW, spacetimes of the form
with the spatial sections having the characteristic negatively curved geometry of a bubble interior. If the scalar potential is V(ϕ), the total energy density is a combination of the background vacuum energy density with the kinetic and potential terms of the scalar, and the Friedmann equation will be ȧ a
Unfortunately, exact solutions of the simultaneous system given by this equation together with the field equation for ϕ tend to be rather intricate. In order to focus attention on the really essential points, we shall study a simple [yet physically interesting] special case where the equations are decoupled. It is possible to choose V(ϕ) so that the equationof-state parameter of the scalar field "fluid" is a constant; see [56] [57] for the details and explicit examples. [This is of physical interest because it allows the scalar field to mimic other interesting forms of matter which might propagate in an initially AdS 4 background, such as strings or branes; see below.] Any value for the equation-of-state parameter between −1 and 1 can be obtained, but let us be still more specific and consider the case where the pressure and [positive] energy density are related by
Here the scalar field mimics a network of stationary 2-branes [58] . Clearly the SEC is violated by this form of matter.
As the universe expands, the scalar field energy density dilutes in accordance with
where α is a positive constant [which gives the value of the scale factor a(t) when the scalar field energy density equals the magnitude of the vacuum energy density]. The dilution of the scalar field energy density ensures that, after a short time, the vacuum energy will dominate, so that the local geometry will resemble that of AdS 4 ; however, in those solutions where the scale function is sufficiently small, the scalar field will dominate to such an extent that overall the SEC will be violated in the relevant regions and the Hawking-Penrose theorem ceases to apply. Furthermore, by construction, the spacetime will have no Cauchy horizons. Thus it is reasonable to expect better behaviour than in the pure Coleman-De Luccia case.
The SEC will be violated 9 in this spacetime if the dark energy density ρ Λ and the scalar field energy density ρ ϕ satisfy
which will happen whenever a(t) satisfies
The hope now is that when a(t) drops below this value, SEC violation will intervene to prevent the development of a singularity. Let us see what happens. The total energy density here is a combination of the background AdS 4 density − 3/8πL 2 with the energy density of the scalar field; so the Friedmann equation takes the form
Solving this we obtain
where τ is an angle between 0 and π/2 defined by
We see that there is indeed an interval of time, between t = 0 and t = τ , during which the SEC is violated; but the spacetime is nevertheless still singular at t = 0. To see this, one can compute the scalar curvature of this spacetime: it is given by R = 6
which diverges as t tends to zero. After t = τ , the SEC holds, the expansion slows down and eventually halts, and the spacetime contracts, passing through a second phase of SEC violation starting at t = 9 Note that, unlike the SEC, the NEC is never violated at any time in this spacetime.
τ + πL but nevertheless terminating in a Crunch at t = 2τ + πL. The violations of the SEC in this spacetime do not remove the singularities either in the future or in the past.
Mathematically, this is of course not a contradiction: the SEC is a sufficient condition in the Hawking-Penrose theorem, not a necessary one. But physically it is very much more surprising. Inserting ρ ϕ from equation (7) into the left side of inequality (8), we see at once that the violation of the SEC is arbitrarily large as the singularities are approached. That is, even though the gravitational repulsion generated by the scalar field diverges, the spacetime nevertheless collapses as we move back in time. [Note that it is possible to show that these spacetimes also violate the averaged SEC [59] , so the presence of a singularity here cannot be explained in that way.]
The moral is simple: one cannot rely on gravitational repulsion, even if it is arbitrarily strong, to prevent an initial singularity. We therefore have to be extremely careful if we assert that some physical field averts a singularity in the early history of a baby universe: merely violating the SEC is not enough.
As in the previous section, we need a way of understanding this situation that does not rely on making assumptions about the symmetries of spatial sections. The relevant singularity theorem is the one due to Penrose; it may be stated as follows [[53] , page 239]. Then there is at least one incomplete future-directed null geodesic orthogonal to the trapped surface.
The assumptions of this theorem are usually thought to be very strong, which is why it is less commonly applied than the Hawking-Penrose theorem; indeed, we were unable to apply it to our earlier discussion of negative vacuum energy bubbles because condition [b] cannot be justified there. On the other hand, Clarke [60] has shown that the incompleteness of a timelike curve in a globally hyperbolic spacetime must be associated with a point at which the curvature tensor becomes infinite [in a certain sense which can be made precise], provided that the spacetime is generic in the sense of not having an algebraically special curvature tensor. Thus, in generic circumstances, we can be assured that singularities predicted by this theorem are "true" singularities.
For the family of spacetimes we discussed above, with metrics given by equations (4) and (11) Consider a 2-sphere with radial coordinate r at time t; its area is 4πL 2 a(t) 2 sinh 2 (r/L). The orthogonal outward-directed set of past-pointing null geodesics intersect the surface t = t + dt [with negative dt] at radial coordinate r − dt/a(t), and so the change in the area of the sphere as one moves back in time is
For a trapped surface to exist in this spacetime, one must be able to choose r and t in such a manner that dA has the same sign as dt. Pick any t such that 0 < t ≤ τ, a domain on which cos
is an increasing function; recall that the SEC is violated at all times before the end of this era. Then the first term inside the square brackets is larger than unity. Therefore, there is a trapped surface in this spacelike hypersurface provided that r can be chosen to be sufficiently large, so that coth(r/L) [which of course is always greater than unity, but approaches it as r tends to infinity] becomes smaller than this first term. For example, if we choose t = τ , then one simply needs to choose r so that
The Penrose theorem now explains why this spacetime had to be singular in the past [since we are applying the theorem to past-directed null geodesics], despite the fact that gravitation is repulsive at all times earlier than t = τ . There are in fact trapped surfaces in every spacelike slice in the region where the SEC is violated.
We have been as explicit as possible here, using a specific kind of SEC-violating matter [a scalar field with a particular potential], because we wish to exhibit an explicit metric resulting from the introduction of matter into a Coleman-De Luccia bubble [with negative background vacuum energy]. The objective is to impress on the reader that, even with the help of exotic matter generating gravitational repulsion, even before we take into account the effects of anisotropic perturbations, the metric in the interior of the bubble is likely to resemble the metric given by equations (4) and (11); it will not be non-singular. In fact, it can be shown that conclusions we reached in this special case are valid for any kind of matter introduced into an AdS 4 bubble, provided that the matter in question has a positive energy density with respect to the cosmological observers. As usual, we conclude that there can be no Arrow in any of these bubbles.
Notice that a key role is played, throughout this discussion, by the fact that the spatial sections of this spacetime are not compact. This is an explicit condition of the Penrose theorem, but it was also used at a crucial step of the proof that trapped surfaces exist here: in equation (14) we could only establish the positivity of the bracketed expression because we were allowed to take r to be as large as necessary.
We see that violating the SEC does not save the Arrow of time here. The main reason that the spacetime had to be singular was simply that its spatial sections are infinitely large: this allows us to construct spheres of arbitrarily large radius, which eventually become trapped surfaces.
We 11 ]. Now that we have a good understanding of the geometry of a non-idealized ColemanDe Luccia universe in the negative vacuum energy case, we can turn to the case of most physical interest: bubbles with positive vacuum energy.
Positive Babies Are Also Bad
The simply connected version of global de Sitter spacetime with [in the signature we use here] spacetime curvature 1/L 2 is defined as the locus, in five-dimensional Minkowski spacetime [signature (− + + + +)], defined by the equation
This locus has topology IR × S 3 , and it can be parametrized by global conformal coordinates (η, χ, θ, φ) defined by
Here χ, θ, φ are the usual coordinates on the three-sphere, and η is angular conformal time, which takes its values in the interval (0, π). The metric of Global de Sitter spacetime is then
An obvious conformal transformation allows us to extend the range of η, so that it takes all values in [0, π]. The Penrose diagram is clearly square [in the case of simply connected spatial sections], since χ also has this range. Now let us introduce a new set of coordinates, (t, r, θ, φ), with t ≥ 0, r ≥ 0, defined by
Comparing the two expressions for W in equation sets (17) and (19), we see at once that these coordinates do not cover the entire manifold; in fact, we must have cos(χ) ≥ sin(η), which implies
because these coordinates are valid only where A is non-positive and W is non-negative. We see that the new coordinates parametrise only one-eighth of the full Penrose diagram, the triangular top left-hand corner representing the forward light cone of the point χ = 0, η = π/2, and its interior. For any fixed value of t, we have, from equations (16) and (19),
which is the locus of [two copies of] a three-dimensional hyperbolic space; that is, this piece of de Sitter spacetime is being foliated by spacelike hypersurfaces of constant negative curvature. These non-compact spaces are able to fit into global de Sitter spacetime [with its compact spatial sections] by extending to future conformal infinity; one sees this by letting r tend to infinity in the expression for A in equations (19) , and noting that the expression for A in equations (17) now implies that η tends to π. Let us suppose now that we have a Coleman-De Luccia bubble of positive vacuum energy nucleating in some background spacetime which is itself asymptotically de Sitter.
[We assume that conditions are such that the bubble expands indefinitely.] As always, the spatial sections inside the bubble are non-compact spaces of constant negative curvature: we have just seen how this is possible. The Penrose diagram of the bubble universe resembles the triangular top left-hand corner of the Penrose diagram of simply connected global de Sitter spacetime, as we have just been discussing.
The de Sitter metric in the coordinates (t, r, θ, φ) is
we can call this "Spatially Hyperbolic de Sitter" spacetime. As in the case of bubbles with negative vacuum energy, there is an apparent singularity at t = 0; from equations (17) and (19) we see that this corresponds to the line η = π 2 + χ in the original global de Sitter spacetime. As before, this is not a real singularity; again, however, we have to ask: what happens when the bubble model is made more realistic -when, for example, we allow the Coleman-De Luccia scalar to propagate inside the bubble? In the negative vacuum energy case, we know that the spacetime becomes singular, and we explained this by using the Hawking-Penrose theorem. Here, that theorem is not applicable, but our findings in the preceding section should make us wary about assuming that SEC violation alone can save the situation.
Indeed, if [again, for the sake of concreteness] we introduce a scalar field with energy density given by equation (7) into the de Sitter bubble, we find that the metric is given by equation (4) but now with a(t) given by
where τ is defined by
As is to be expected, we no longer have a Crunch. But while the de Sitter bubble already violates the SEC, and the scalar field, as before, violates it still more thoroughly near t = 0, yet the spacetime is still singular at t = 0, for all parameter values.
The point is that all of the conditions of Penrose's theorem are satisfied here, just as they were before: the NEC continues to hold, there are trapped surfaces, and there are non-compact Cauchy surfaces. Global de Sitter spacetime is of course non-singular; but when we take a piece of it that can be foliated by hyperbolic spacelike hypersurfaces, we set the scene for singularities to develop when the corresponding bubble is taken beyond the idealized thin-wall theory. Physically, the essential point is that by distorting the spatial sections of global de Sitter spacetime, so that they extend out to infinity, we allow trapped surfaces to develop.
A completely rigorous theory explaining this situation has been given by Andersson and Galloway [61] , who prove a singularity theorem [Theorem 4.1] to the effect that any globally hyperbolic asymptotically de Sitter bounce spacetime must be singular if the NEC is satisfied and the Cauchy surfaces [or their universal covers] are not compact.
[The spacetime must also satisfy a certain genericity condition, which essentially states that all spatial dimensions take part in the accelerated expansion; see [62] for further discussion.] Thus, the conclusions we are reaching here are completely general and do not rely, as in the work of Farhi and Guth [13] , on an assumed FRW structure. Again, the key point is the topology of the Cauchy surfaces: in fact, the eventual development of singularities in various versions [62] of Schwarzschild-de Sitter spacetime is predicted by the Andersson-Galloway theory purely on the basis of the topology of the spatial sections, even though these sections do not intersect the singularities. But the topology of a spatial section is of course a much more robust property than its detailed geometry. Spatial noncompactness is an unavoidable property of a bubble universe, so again the prediction of a singularity in these spacetimes is very strong.
We see that the situation here is not essentially different from the one we discussed in the case of negative vacuum energy [except, of course, that the spacetime no longer has a Crunch]. In all cases, the bubble universe begins with a classically singular Bang, with the usual dire consequences for the existence of an Arrow of time.
It should be clear that the only way to save the situation is by violating the Null Energy Condition. But this is a major step, fraught with complications: NEC violation typically leads to serious instabilities. It has to be discussed in the context of a full theory of quantum gravity, such as string theory. We shall turn to this in the next section.
Thus far we have used exclusively classical techniques. While these will take us no farther, they have led us to an important conclusion: baby universes cannot have an Arrow of time unless they explicitly incorporate an account of NEC violation. Whether they can do so even with such an account will be discussed next.
NEC-Violating Babies: Bad or Good?
The physics of NEC violation in the course of a cosmological "bounce" is very intricate: see for example [63] [64] and references therein. As we are not aiming to give a comprehensive account of how such a bounce can happen, we will focus on a particular, currently very topical scenario, without claiming that this is the only way to proceed. The questions that arise in this specific case will have more general repercussions.
The idea that the Casimir effect might play a crucial role in cosmology has often been suggested: see for example [65] [66] [67] and references therein. It has recently been raised in connection with the "standard model landscape" [40] . As is well known, the Casimir effect naturally leads to negative energy densities and pressures, violating the NEC. This is of great interest in string theory, because all currently known modulus stabilization schemes violate the NEC in one way or another. Subsequently [41] it was found that by no means all forms of NEC violation are acceptable in string theory; Casimir effects are of great interest precisely because they belong to the "acceptable" class [outside the "clock and rod" sector]. If we wish to embed our discussion in string theory, then "Casimir cosmology" is a particularly natural way to proceed. This, however, immediately raises once again the question of the topology of the spacelike slices inside the bubble. In the work of Arkani-Hamed et al [40] , the negative energy density arises from loops wrapping around a circle; but, as we have stressed repeatedly, the spatial sections here are non-compact. This non-compactness was in fact the "cause" of the singularities which led us to consider NEC violation in the first place.
However, our earlier discussions never actually needed to assume that the spatial sections are literally infinite: the non-compactness merely ensured that we could find two-spheres which were sufficiently large so that the existence of trapped surfaces could be ensured. Indeed it would be extraordinary if a physical effect could distinguish between a spacelike slice that was extremely large yet finite, and a space that was truly infinite.
This brings us directly to the work of Bousso and others [see [68] and references], who have attempted to extend black hole complementarity to cosmology. In this picture, attention is focussed on causal diamonds, the entire region of a spacetime which is causally connected to the worldline of a single observer. The remainder of the global spacetime is regarded as an infinite set of redundant descriptions of the same data. If we take this seriously, then we are free to impose "periodic boundary conditions" just outside the cosmological horizon of the observer, without loss of generality. In other words, we can justify a purely formal compactification of the spatial sections: we take them to be compact [or perhaps just finite-volume] hyperbolic spaces of the form H 3 /Γ, where Γ is some infinite discrete group that describes the redundancy of the physics outside the horizon; the latter fits inside a fundamental domain. Complementarity then demands that the sector of the theory containing Casimir effects is fully representative.
Let us accept this reasoning provisionally, and explore the consequences. 
Here the coefficient of the Casimir term has been fixed by requiring the bounce to occur when the scale factor equals unity. The solution for the "spatially hyperbolic de Sitter plus Casimir" metric is remarkably simple:
Notice that this is asymptotic to spatially hyperbolic de Sitter spacetime, but it has a bounce at t = 0. The interior of the bubble presumably can be taken to begin at some negative value of t, and it immediately begins to contract, but the Casimir effect prevents the "neck" from pinching off. The subsequent asymptotic region can be regarded as the usual inflationary era inside the bubble. Of course it is still true that the bubble is exposed to perturbations from outside, and that the contraction to the "neck" will tend to magnify these distortions. However, the fact that the "neck" does not pinch off means that one has at least some hope of getting the perturbations under control. The question as to whether conditions conducive to the existence of an Arrow in the early post-bounce phase can be established is now a matter for detailed computations.
Instead of pursuing that, let us ask whether this configuration is stable against nonperturbative string effects. The question is important, because it is known that such effects can lead to serious consequences precisely when the NEC is violated [37] . Seiberg and Witten [42] observed that branes, being extended objects, can be extremely sensitive to the geometry of the spaces in which they propagate. If the geometry takes certain forms, it can actually lead to a situation which Maldacena and Maoz [49] [see also [69] ] describe as a pair-production instability for branes. To be specific: suppose that a given spacetime has a Euclidean version which is conformally compactifiable; that is, it is conformal to the interior of a compact manifold-with-boundary. Such manifolds are said to be asymptotically hyperbolic: that is, the geometry comes to resemble that of hyperbolic space 12 at sufficiently large distances. For Euclidean BPS branes in four dimensions, the brane action consists of two terms: a positive one proportional to the [three-dimensional] area of the brane, and a negative one proportional to the volume enclosed by it. So we have, in four dimensions,
where Θ is the tension, A is the area, V the volume enclosed, and L is the background asymptotic curvature radius. If at any point the volume term is larger than the area term, it will be possible to reduce the action of the system by creating brane-antibrane pairs and moving them to the appropriate positions, as described in [49] . Thus a severe non-perturbative instability will arise. In this way we obtain a powerful criterion for the acceptability of specific geometries from a stringy point of view. To see how this works in the present case, let us proceed as follows. We begin with the following asymptotically de Sitter Lorentzian metric:
Here L and K are parameters with dimensions of length. We now complexify both t and L, but not K; we then choose K to be equal to the original value of L, so that we obtain a Euclidean version of the spacetime in which we are interested here. The result 13 is the asymptotically hyperbolic Euclidean metric
Notice that the conformal boundary of this space is disconnected; see [46] for a study of the connectedness of the boundary in such cases. Let µL 3 , where µ is some pure number, be the minimal area of a t = constant section in the geometry with metric given in equation (29) ; recall that we imposed periodic boundary conditions so that this quantity should be effectively finite. Then from equations (27) and (29) we have
where t = − T, T ≥ 0, represents the initial spatial section inside the bubble. If T = 0, this function begins at t = 0 with a positive value equal to TµL 3 and then immediately declines. This decrease is characteristic of NEC-violating sources, as was shown in the case of flat compact spatial sections in [37] . However, as the scale factor increases, the spatial curvature term is able to halt the decline, and the graph of S L,T (t) actually has a minimum at t = (ln( √ 3))L, where in fact it is still positive. It then increases indefinitely as the area term decisively overcomes the volume term as the Casimir term is diluted. Thus the action is positive everywhere and there is no Seiberg-Witten instability in this system. However, taking T to be zero means that the bubble universe never contracts: it emerges from the wall and immediately begins to expand. There is no reason to expect such behaviour. If we take T to be positive, then S L,T (−T), the initial value of S L,T (t), becomes a much larger positive number, but on the other hand the function decreases for a longer time, so it is not obvious that the function remains positive everywhere.
Though it is hard to say what value of T is to be expected, the scale here is set by L, the asymptotic inflationary length scale. If we take [say] T = (0.1)L, then a simple numerical investigation shows that the minimum value of S L,(0.1)L (t) is in fact negative.
Thus the action is negative in an interval close to the "neck". Larger values of T only serve to widen this interval. We see that the action can be kept positive everywhere only by taking T to be very small compared to the natural scale of the problem.
In short, the NEC violation induced by the Casimir effect fends off a classical singularity in a baby universe of this kind, but, in the absence of fine-tuning, it leads to a non-perturbative string instability. This strongly suggests that baby universes of this kind would be inconsistent in a full string-theoretic formulation.
Notice that if we had been discussing Casimir effects in connection with the creation of such a universe from "nothing", then we would have been justified in taking T = 0, since, in the geometry given by the metric in equation (29) , the hypersurface t = 0 is a surface of zero extrinsic curvature; creation from "nothing" occurs precisely along such hypersurfaces. In that case, as we saw, there would have been no instability. Thus string theory does not entirely rule out NEC violation. It does, however, constrain it very severely. These constraints probably rule out the nucleation of baby universes that evolve with an Arrow of time of the kind we see in our Universe.
The reader may protest that we have not considered the existence of non-singular baby universes exhibiting NEC violation [or "effective" NEC violation -see [37] ] other than that due to Casimir effects [see for example [70] ]. We have not been able to find such constructions: that is, sources of NEC violation that are compatible with the ideas of Arkani-Hamed et al [41] , that avoid singularities in baby universes, and yet remain stable against non-perturbative string effects [42] . Other ways of making baby universes [see for example [71] ] appear to lead to similar impediments to the existence of an Arrow. In short, it is very difficult for a baby universe to resemble our world; and it may well be impossible.
Conclusion: Where Are We?
In stringy creation from "nothing" [21] , the Universe is born with flat but compact spatial sections. It may [72] however subsequently nucleate baby universes of the kind we have been considering in this work. The question is then: where are we? Are we in one of the babies?
The answer offered here is negative: we are in the original Universe, the one presented to us directly by creation from "nothing". For we have argued elsewhere [8] that this original Universe does have an Arrow of time, such as we in fact observe; while we have argued here that few or, very probably, none of the babies has this remarkable property. We see that demanding the existence of an Arrow of time [of "our" kind] is indeed a powerful vacuum selection principle.
Our position in the "multiverse" is in this sense far from typical; see [73] for a discussion of the significance of this conclusion. This may be relevant to Page's concerns [74] regarding "Boltzmann brains" [see also [45] [75] ]. Indeed, from the point of view of the Arrow, the existence of Boltzmann brains is to be expected: what needs to be explained is the existence of brains of any other variety. Having, as we claim, done this, we can re-assess whether the future existence of Boltzmann brains should be considered paradoxical.
Finally, our argument implies that the nucleation of baby universes is not an effective way of populating the string "landscape" [9] . It does not follow, however, that there is no other way of doing so. In particular, Gibbons and Hartle [76] have raised the interesting question as to whether a universe created from "nothing" must be topologically connected. They give an elegant proof that this must indeed be so if all eigenvalues of the Ricci curvature of [the Euclidean version of] the spacetime are positive and bounded away from zero. This condition is certainly not satisfied in our theory, however, and so the question remains open. If indeed the relevant Euclidean space has multiple boundary components of zero extrinsic curvature, then potentially large numbers of spacetimes can be born from a single Euclidean ancestor; those born from a boundary component with the right topology will have an Arrow. The connected components of the Lorentzian spacetime so created would be completely mutually inaccessible. However, it might be possible to find evidence of the existence of the other universes in our own past, since they all originate from a common Euclidean space. Perhaps one should try to populate the landscape in this way.
